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Vorticity and spin physics
in heavy-ion collisions
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Vorticity
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» Condensed matter: Barnett effect
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Ferromagnet gets magnetized when it rotates J
Polarization effects through rotation in heavy-ion collisions? Yes! J
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Noncentral heavy-ion collisions

picture from Florkowski, Ryblewski, Kumar,
Prog. Part. Nucl. Phys. 108, 103709 (2019)

Large global angular momentum

J o~

Af b~ 10°h

picture from UrQMD

= Vorticity of hot and dense matter = particle polarization along vorticity
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Vorticity in heavy-ion collisions

Time dependence Energy dependence
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Jiang, Lin, Liao, PRC 94, 044910

Vs (GeV)

Deng, Huang, Ma, Zhang, PRC 101 064908
Deng, Huang, PRC 93 064907

see also, e.g., Huang, Liao, Wang, Xia, 2010.08937; Huang, 2002.07549; Becattini et al EPJC 75, 406;
Csernai, Magas, Wang, PRC 87, 034906; Csernai, Wang, Bleicher, Stoecker, PRC 90, 021904;
Ivanonv, Soldatov, PRC 95 054915

Vorticity decreases at high energies
Extremely high vorticity: w, ~ 102 fmt ~ 102571
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Effective interaction ~ —S - &

~ Quantum - Classical

S - Particle spin, & - Medium rotation

» Massive particles = A-baryon polarization
Voloshin, 0410089; Liang, Wang, PRL 94, 102301; Betz, Gyulassy, Torrieri PRC 76, 044901;
Becattini, Piccinini, Rizzo, PRC 77, 024906
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Experimental observation - Global A polarization

Polarization along global angular momentum

< Au+Au 20-50%
~8r % A this study i
T | @ A this study i
|e'i ¥ A PRC76 024915 (2007)
6 O A PRC76 024915 (2007) |
47 .|
— aﬁ# ] SUBATOMIC SWIRLS
0
Lo L L‘%’ v E
10 10°
sy (GeV)

L. Adamczyk et al. (STAR), Nature 548 62-65 (2017)
Weak decay: A — p+ 7~ angular distr.: dN/d cost = (1 + P cosb)
Quark-gluon plasma is the "most vortical fluid ever observed"
w=(Px+ Py)ksT/h~10°'s™*

Great Red Spot of Jupiter 1074571
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Experiments vs theory: A polarization

Global - along J Longitudinal - along beam axis
< 3
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1 -0.012 -0.0075
Wpr = _E(apBT — 87_13’)) -0.016 -0.0100
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Becattini et al An. Phys. (2013) ». [Gev]
F. Becattini, | Karpenko, PRL 120, 012302

Theory assumes local equilibrium of spin degrees of freedom
“Sign problem” between theory and experiments for longitudinal poIarizati%r)!%



Does spin play a dynamical role in hydro?

Relativistic hydrodynamics is a good effective theory: 0, T* = 0 Hein-,
Snellings, Ann. Rev. Nucl. Part. Sci. 63, 123-151 (2013)

Goal: Relativistic hydrodynamics (classical) with spin (quantum) as
dynamical variable

Florkowski, Friman, Jaiswal, ES, PRC 97, no. 4, 041901 (2018)

Florkowski, Friman, Jaiswal, Ryblewski, ES, PRD 97, no. 11, 116017 (2018)
Florkowski, Becattini, ES, Acta Phys. Polon. B 49, 1409 (2018)

Becattini, Florkowski, ES, PLB 789, 419 (2019)

Bhadury, Forkowski, Jaiswal, Kumar, Ryblewski, 2002.03937, 2008.10976 (2020)
Shi, Gale, Jeong, 2008.08618 (2020)

Starting point: Kinetic theory from quantum field theory )

Weickgenannt, Sheng, ES, Wang, Rischke, PRD 100, no. 5, 056018 (2019)
Weickgenannt, ES, Sheng, Wang, Rischke, 2005.01506 (2020)

Alternative approaches: Lagrangian formulation, entropy current, ...
Montenegro, Tinti, Torrieri, PRD 96, 056012 (2017)

Montenegro, Torrieri, 2004.10195 (2020)

Hattori, Hongo, Huang, Matsuo, Taya, PLB795, 100 (2019)

Garbiso, Kaminski, JHEP 12, 112 (2020)

Fukushima, Pu, 2010.01608 (2020)

Li, Stephanov, Yee, 2011.12318 (2020)

Gallegos, Giirsoy, Yarom, arXiv:2101.04759 (2020)
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Anticipation of our results

Weickgenannt, ES, Sheng, Wang, Rischke, 2005.01506 (2020), 2103.04896 (2021);
ES, Weickgenannt, 2007.00138 (2020)

How do we describe the orbital-to-spin angular momentum conversion
in kinetic theory?

Nonlocal particle scatterings (finite impact parameter) J
\\\\\Jl\\\\‘////j://///’ \\\\\\2\\\\\ //:1///////1
/N /p" \

Local Nonlocal

And in hydrodynamics?

Antisymmetric part of energy-momentum tensor J
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Quantum kinetic theory
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Classical kinetic theory

Distribution function
f(x,p)
Boltzmann equation
pud"f(x,p) = C[f(x, p)]
C[f(x, p)] - Collision term
Hydrodynamics from kinetic theory
)= [ dpptf(x.p)

0, TH(x) =0

How to formulate kinetic theory from quantum mechanics? )
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Wigner function - Quantum mechanics

"Quantum extension" of classical distribution function ]

Wep) = [ a2eion (L) v (x-3)

Properties: /@Wmmzwm% /wwmm:wmz

Connected to probability! |

Expectation value of any operator A

@:/wwwwmmm
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Wigner function - Quantum field theory

W, (x, p) = / (:;;/)4 e TPV <: v, (X—i—%) v, <x—%> :>

Dirac equation = Equation of motion for Wigner function

Elze, Gyulassy, Vasak, Ann. Phys. 173 (1987) 462
de Groot, van Leeuwen, van Weert, Relativistic Kinetic Theory. Principles and Applications

{% (p+/’7§6> m] W(x,p)_h/(;:}};)[leép~y<:p(x;)i(x+)2/) :>

p=—(1/R)OL;/d, L; = interaction Lagrangian

= Boltzmann equation = Kinetic theory

P‘anU(va): CXU }
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h-expansion
Weickgenannt, ES, Sheng, Wang, Rischke, 2005.01506 (2020), 2103.04896 (2021)

Semiclassical expansion of Wigner function

W =woO + rw® 1 O(r?)

Semiclassical and nonlocal expansion of collision kernel

C= CI + hCI(l) + hC onIocaI + O(hz)

ocal ocal

Local Nonlocal
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Spin in phase space

Weickgenannt, ES, Sheng, Wang, Rischke, 2005.01506 (2020), 2103.04896 (2021)

In order to account for spin dynamics enlarge phase space
J. Zamanian, M. Marklund, and G. Brodin, NJP 12, 043019 (2010)
W. Florkowski, R. Ryblewski, and A. Kumar, Prog. Part. Nucl. Phys. 108, 103709 (2019)

Introduce new phase-space variable s

f(X7P75) = % [ﬁ(X, P) -5 A(va)]

Components of Wigner fct. F = m/p?tr[p - yW], A* = tr[y"~s W]
F=[ds@iteps) A= [ dSp)s"itx.p.s)

with dS(p) = Y2 d*s 6(s2 + 3)0(p - 5)
Boltzmann equation

p- 6f(X7p75) - mG[ﬂ

All dynamics in one scalar equation! )
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Nonlocal collisions

Weickgenannt, ES, Sheng, Wang, Rischke, 2005.01506 (2020), 2103.04896 (2021)

Q:[ﬂ - Q:Iocal[ﬂ + h Q:nonlocal[ﬂ

Long calculation = Intuitive result in low-density approximation:

¢lf] :/ dlidMadl Wi(x + Ax, p1,51)f(x + D2, p2,82) — f(x + A, p,s)f(x + A", p',5")]

+ / dlo dS1(p) Wi(x + A1, p,s1)f(x + Az, p2, 52)

dr = d*pdS(p)

Structure: Momentum and spin exchange + Spin exchange only
Nonlocal Collisions = Displacement A ~ O(h) ~ O(9)
W, 20 vacuum transition probabilities, depend on phase-space spins

18/26



Equilibrium distribution function

Weickgenannt, ES, Sheng, Wang, Rischke, 2005.01506 (2020), 2103.04896 (2021)

Equilibrium condition: €[f] =0
Ansatz for distribution function

F. Becattini, V. Chandra, L. Del Zanna, and E. Grossi, AP. 338, 32 (2013)
W. Florkowski, R. Ryblewski, and A. Kumar, Prog. Part. Nucl. Phys. 108, 103709 (2019)

h
fealcopos) xexp | =60 p 4 Q)T |a(p? — M?)
M ~—_—————

Energy-momentum
Total angular momentum

M - mass (possibly modified by interactions)
B¥ = ut/T, Spin potential Q"
Spin-dipole-moment tensor £5” = —Lenrafp g4
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Equilibrium distribution function

Weickgenannt, ES, Sheng, Wang, Rischke, 2005.01506 (2020), 2103.04896 (2021)

Equilibrium condition: €[f] =0
Ansatz for distribution function

F. Becattini, V. Chandra, L. Del Zanna, and E. Grossi, AP. 338, 32 (2013)
W. Florkowski, R. Ryblewski, and A. Kumar, Prog. Part. Nucl. Phys. 108, 103709 (2019)

h
fealcopos) xexp | =60 p 4 Q)T |a(p? — M?)
M ~—_—————

Energy-momentum
Total angular momentum

M - mass (possibly modified by interactions)
B¥ = ut/T, Spin potential Q"
Spin-dipole-moment tensor £5” = —Lenrafp g4

Insert into €[f] and expand up to O(h)

Condition for €[f] = 0 = Global equilibrium

1
a}L/Bl/ + 6V6,u =0 QMV: _E(auﬁy — &,ﬁu) = const.

System gets polarized through rotations!
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Spin hydrodynamics
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Canonical energy-momentum and spin tensor

Action = Poincaré symmetry = Noether's th. = Conservation laws

Conservation of energy and momentum:
Canonical energy-momentum tensor T/"(x)

9, TE (x) =0 J

Conservation of total angular momentum:
Canonical total angular momentum tensor ("orbital"+"spin")

T (x) = xt T (x) = x T (x) + $¢ (x)

TR (x) = 0 == 0x52M (x) = T¢H(x) — T4 (x) J
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Pseudo-gauge transformations

ES, Weickgenannt, 2007.00138 (Review)
Densities are not uniquely defined => Relocalization

F. W. Hehl, Rep. Mat. Phys. 9, 55 (1976)
7"-/ILV(X) _ -i‘—gU(X) + %aA |:&\>>\’”V(X) + &)/A, V)\(X) + &U,/L)\(X)
G 2 G2 () - 6 () 19,27 (x)
d\))\,,ul/ _ _d\))\,u,uy 2,uu,)\p _ _21/;1,,)\;) — _2#1/,,0/\

Leave global charges invariant
ﬁ“:/dﬁkﬁ%@ ﬂ”:/ﬁzbﬁwu)
However, different global spin
s = [amagyrr £ 5m
Conservation laws 8, 7" =0, 9,8+ = T'v#]

Belinfante's case (& #/(x) = §2#(x) and Z " = 0)

T4 (x) = T2 () + 200 [82 () + 8200 + 822 ()], 83 (x) =0
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Spin hydrodynamics
ES, Weickgenannt, 2007.00138 (2020) (Review)

Energy-momentum tensor: T
Total angular momentum tensor:

j\A,p,u = xM 7"-)\u XY —f—)\u + hé)\./w
Additional dynamical tensor: Spin tensor 5+~

Hydrodynamic densities from quantum field theory
THY — <7"—,u1/> 5)\,/11/ _ <§)\.;w>

10 hydro egs.: 4 Energy-momentum + 6 Total angular momentum cons.

0. TH =0 hoySM = TWH J

T[]//I] — TVvH _ Thv
10 unknowns: * = u*/T and Q"
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Spin hydrodynamics

ES, Weickgenannt, 2007.00138 (2020) (Review)

Energy-momentum tensor: T
Total angular momentum tensor:

j\A,/Lu = xM 7"-)\u XY —f—)\u + hé)\./w
Additional dynamical tensor: Spin tensor 5+~

Hydrodynamic densities from quantum field theory
THY — <7"—;w> 5)\,/11/ _ <§)\.;w>

10 hydro egs.: 4 Energy-momentum + 6 Total angular momentum cons.

0. TH =0 hoyS™ = Tl ]

T[]//l] — TVvH _ Thv
10 unknowns: * = u*/T and Q"
T and S**" are NOT uniquely defined = Pseudo-gauge transformations

Canonical - Problem: Total spin is not a tensor for free fields
Solution: Hilgevoord, Wouthuysen, NP 40 (1963) 1
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Weickgenannt, ES, Sheng, Wang, Rischke, 2005.01506 (2020), 2103.04896 (2021);
ES, Weickgenannt, 2007.00138 (2020)

» Equations of motion from kinetic theory

0. Tty = [ dr p" elf] =0

noasity = [ dr Ze el = 7Y

Zgu = 1 euuaﬁpasﬂ

m
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Spin hydro with Hilgevoord-Wouthuysen currents

Weickgenannt, ES, Sheng, Wang, Rischke, 2005.01506 (2020), 2103.04896 (2021);
ES, Weickgenannt, 2007.00138 (2020)

Equations of motion from kinetic theory

0T, = [ drp” e[f] =0
» THW

RONSHEY = /dr gzg” eff] = T

nyo__ 1 _pvaf
2= ¢ PaSa

Energy-momentum conserved in a collision

Spin-dipole 5" not conserved in nonlocal collisions =—- T}[I"V‘f,] #0
= Conversion between spin and orbital angular momentum

)
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Spin hydro with Hilgevoord-Wouthuysen currents

Weickgenannt, ES, Sheng, Wang, Rischke, 2005.01506 (2020), 2103.04896 (2021);
ES, Weickgenannt, 2007.00138 (2020)

Equations of motion from kinetic theory
0, Tty = [ dr o elf] =0

HW

ho\SHE = / dr gz;“’ el = T4

1 6;1.1/043

m

|7
PR Pa$s
Energy-momentum conserved in a collision

Spin-dipole X% not conserved in nonlocal collisions = TI[{VV‘Q] #0
= Conversion between spin and orbital angular momentum J

TI[-IUVF{/] =0: (i) for local collisions (spin is collisional invariant)
(i) in global equilibrium (€[f] = 0)

Nonlocal collisions away from global equilibrium = Dissipative dynamics

Fluid gets polarized through rotation! )
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Spin hydro with Hilgevoord-Wouthuysen currents

Weickgenannt, ES, Sheng, Wang, Rischke, 2005.01506 (2020), 2103.04896 (2021);
ES, Weickgenannt, 2007.00138 (2020)

Equations of motion from kinetic theory
0. Tty = [ dr p elf] =0

nonsily = [ dr Jxe el = T

Y= —Levelp sy
Energy-momentum conserved in a collision

Spin-dipole ¥4 not conserved in nonlocal collisions =—- TI[{”V‘(,] #0
= Conversion between spin and orbital angular momentum

TP[IVVA;/] =0: (i) for local collisions (spin is collisional invariant)
(ii) in global equilibrium (€[f] = 0)

Nonlocal collisions away from global equilibrium = Dissipative dynamics

Fluid gets polarized through rotation! )

What is the meaning of local equilibrium with nonlocal collisions?
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Nonrelativistic limit
p* — m(1,v), T — kg
Ul _ ka0 /P« ikal/ 1T
Thaw = me”™0 <25 >+me 8<v 59 >

with (...) = (m?/2mv/3) [ d*vd3s6(s® — 3) (...)f
Agreement with phenomenological result of nonrelativistic kinetic theory.
S. Hess and L. Waldmann, Zeitschrift fiir Naturforschung A 26, 1057 (1971)

Comparison with micropolar fluids - Viscous fluids made of particle with internal
angular momentum with mass density ¢ and velocity u'
G. Lukaszewicz, Micropolar Fluids, Theory and Applications (Birkhiuser Boston, 1999)

0 (a" 4 lw) 0=y R
= Internal angular momentum o ¢’ = m<%5i> ,
= Couple stress tensor C/' = —<%5’p’> + m<gs’>u/ .
Change of internal angular momentum due to ¢ and /% T/
Many applications in condensed matter e.g. spintronics and chiral active fluids
R. Takahashi, M. Matsuo, M. Ono, K. Harii, H. Chudo, S. Okayasu, J. leda, S. Takahashi, S. Maekawa, and

E. Saitoh, Nature Physics 12, 52 (2016)
D. Banerjee, A. Souslov, A. G. Abanov, and V. Vitelli, Nature communications 8, 1 (2017)
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Polarization observable in heavy-ion collisions

Polarization vector for particle with momentum p* (e.g. A-hyperon)

Becattini, 2004.04050; ES, Weickgenannt, 2007.00138; Tinti, Florkowski, 2007.04029

M(p) = =LA
HiP) = 2m [ dEy\p tr[W]

A, = tr[y,s W], Xy - Hypersurface
Equilibrium
h? L[ dEp M (1 — F)m?
n#(p) = — o _€uvapP f ( By )
8m J dX\pr

@ = —1(0°B" — 97 *) - Thermal vorticity

f - Distribution function
Becattini, Chandra, Del Zanna, Grossi, Annals. Phys. 338, 32 (2013)

What are nonequilibrium effects on I1,(p)? )
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Conclusions

New era where spin degrees of freedom must be taken into account in
hydrodynamics/kinetic theory - New experimental observables

Vorticity and spin polarization are inherently connected

Quantum field theory calculations suggest that spin hydrodynamics from
kinetic theory with nonlocal collisions is always dissipative

Study nonequilibrium effects on spin observables
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Backup
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Calculating the Wigner function

Clifford decomposition
1 . 1
W= (]—' + VPP + MV, + P A + QUWSW>

Determine V* and A* from equations of motion
Assumption: polarization effects at least O(h)

1, - h
Vi = —p'F + O(h?), F =F — —p"ReTr(,C)
m m
Transport equations:
p-0F = mCr, p-0A* =mCl

with Cr = 2Im Tr(C), C4 = — 1P p,Im Tr(0asC)

26 /26



Equilibrium conditions

Clfeq] = _/dr’drldrzﬁe*5'<*’1“’2)

v " 17 v v 1 h v v v v
X [aw,, (AYpY + Abps — AFp” — AP — EQWE (Zhy + by — o -3 )]

— /dr2 d51(p)d5'(p2)ﬂﬁe*ﬁ'("+"2)

h

4 v i v 1 v v v v
X {auﬁy [(AY — AM)p” + (AL — A™)p5] — éQWE(ZQ‘1 +xi - X - )} .

Conservation of total angular momentum (orbital+spin) in a collision
j = At a4 i
Conditions for vanishing collision term
8#51/ + 8;/5“: 0
(0.8 — 8, B8,) = const.

Quv = W= —

N =

Global equilibrium! J
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Canonical - Free Dirac theory

T (x) = %@E(x)w?w(x) — g™ L(x)

. h - I ava g
S () = RN + 0 Y(x) = 5 s

with o = J[3#,9"]
Global spin
Sw = / dxy Sy
>

. A\
does not transform as a tensor since 9\Sz"" # 0
In a general frame: S% = 0 and S¥ = eUkSé

" k
Sk = /d3xw§6kw, &k = (‘B (fk)

We require covariant description of spin for free fields J
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Hilgevoord-Wouthuysen currents

J. Hilgevoord, S. Wouthuysen, NP 40 (1963) 1

Apply Noether’s theorem to Klein-Gordon Lagrangian for free spinors
1 - -
Lke = %(ff@m@"w — mp)

and use Dirac equation as subsidiary condition

N h2 _ _

Thy = 5 (0" 0" + 9" p0"y) — g"" Lk

232
EN v i 7 ,u,u<_>/\
Shw’ = 4mwa 0"y

Sit” = 0 = Covariant global spin Sy, = [ d¥\ St

Compatible with Frenkel theory P, 5/, =0
Pseudo-gauge transformation with

SN — pplIx _ gA[uA},pV]p

2u1/7/\p _ _Simlz(o_ullo)\p _’_O_/\po_;uj)w

~ 2 _in2 T S
where MY = Z=apat” 0 )
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Statistical operator - Canonical

Zubarev, 1979, Ch, Van Weert 1982 , F. Becattini, L. Bucciantini, E. Grossi and L. Tinti, Eur. Phys. J. C
75, no. 5, 191 (2015), F. Becattini, M. Buzzegoli, E. Grossi, Particles 2 (2019) 2
Maximization of entropy

S = —tr(pclogpc)
Constraints on energy and momentum
mutr [pe TE2 ()] = ma T (x)
n* - vector orthogonal to hypersurface &

Spin tensor = Constraint on total angular momentum J

nytr <ﬁc fg“) = nytr [ﬁc (x)‘ 7A"C”' —x" 'IA'é“\ + Sg’)‘”ﬂ = n;,,J‘C’”M

Density operator
pe=goe |~ [ am, (T2 (b0 50 000500 )|
:% exp [— A dx,, (fc(x)“yﬂy(x)f%§§’A”(X)QAV(X))]

Q. - Spin potential: Lagrange multiplier for conservation
of total angular momentum
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> Asymmetric EM tensor 'IA'é“’ = 'f'g“’ + t’\“’ with 'IA'§“’ = 'f';’”, 'f'f“” = _t’"“
» Density operator must be stationary

. 1y L. s 1 apw
8" (0B 40 8)+ 5 TR (0uB0 =0 B) =5 (0458 )0 = 3 S (9:820) = 0

N =

» Global equilibrium conditions:

0uBy + 8,8, =0
ﬂu = bu + QI/)\X)\

Qi = —%(8,43, — 0, 0,) = const

We used 8,54 = —2T,"

F. Becattini, Phys. Rev. Lett. 108, 244502 (2012)
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Statistical operator and pseudo-gauges

F. Becattini, W. Florkowski, E.S. PLB 789, 419 (2019)
Start with Canonical

1 N 1
pc == exp {—/ dx, (T@”BV — fsg*”myﬂ
Z - 2
Use general transformation (T4, S0y — (T/1v & mv):.

Canonical density operator becomes

pe :% exp {—/ dx,, (f““m — gy,
>
1 I~ "y AU 1 A AV SAU. -
+56n (83 + &) —5( @, — @) - 22 ’Wd,)mu)}

. 1 1
with Ty = E(ayﬁA — Ox\Bv), & = E(Buﬂx + Or\Bv)
When is pc = p'?

IN 1 Ny 1, JAV
p = = exp [—/zdzu (T/H By — E5’M QA,,)}

1. B, is the same in both cases
2. & =0or SPH + S0 =0
3. Q.. coincides with thermal vorticity, Qx, = wx, = constant

Equivalence in global equilibrium! J
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Polarized neutral system - Physical meaning of 2,

AW

a b

N—_"

a) Fluid at rest with constant temperature with particles and antiparticles
polarized in the same direction 8" = (1/T)(1,0) = w = 3(0uBr — 0xBy) =0;
b) Polarized system with rotation

Belinfante's pseudo-gauge does not imply that polarization vanishes, but rather it
is locked to thermal vorticity

Spin tensor and spin potential to describe hydro evolution, but only if spin density
relaxes "slowly" compared to the microscopic interaction scale

In general, away from equilibrium Q,,#wx,

It is crucial to calculate spin relaxation times see e.g. J. Kapusta, E. Rrapaj, S. Rudaz PRC

101, 024907; S. Li, H. U. Yee PRD 100, 056022; D.L. Yang, K. Hattori, Y. Hidaka, JHEP 07 (2020) 070
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